We show that the moduli space of polarized irreducible symplectic manifolds of K3
Introduction
Irreducible (holomorphic) symplectic manifolds (also known as irreducible hyperkähler manifolds) arise as elements in the Bogomolov decomposition of compact Kähler manifolds with trivial first Chern class (cf. [Bog] ). They can also be considered as higher-dimensional generalizations of the notion of a K3 surface. A complex manifold X is called an irreducible symplectic (IS) manifold if X is a simply-connected compact Kähler manifold such that H 0 (X, Ω 2 X ) ∼ = Cσ, where σ is an everywhere non-degenerate holomorphic 2-form. The second cohomology group H 2 (X, Z) of an IS manifold carries an integral symmetric bilinear form (·, ·) X of signature (3, b 2 (X) − 3) called the Beauville form (or Beauville-Bogomolov form). Another important invariant of IS manifolds is the Fujiki constant c X ∈ Q + . It comes from the equality X α 2n = c X (α, α) n X , ∀α ∈ H 2 (X, Z) (where 2n = dim C X).
There are few known classes of examples of IS manifolds, namely deformations of
• Hilbert schemes of n points on a K3 surface S, denoted by S [n] ; these are known as IS manifolds of K3 [n] -type;
• generalized Kummer varieties, constructed as zero fibers of maps of the form Σ • f , where f : T [n] → T (n) is the desingularization map from the Hilbert scheme of n points on a complex torus T to the n-th symmetric power of the torus, and Σ : T (n) → (T, 0) is the sum map to the pointed torus (T, 0);
• O'Grady's examples in dimensions 6 and 10 (cf. [OG1] and [OG2] ).
For further details on the theory of IS manifolds, we refer to [Bea] and [Huy1] . There are several ways to organize IS manifolds into moduli spaces.
In all cases one needs to add some extra structure to the data of an IS ∈ Ω Λ , where σ is a generator of H 0 (X, Ω 2 X ). We can also consider moduli spaces of (primitively) polarized IS manifolds. These have the advantage that their connected components admit the structure of quasi-projective varieties. A polarization on X is the choice of an ample line bundle L on X. This is equivalent to the choice of a class h = c 1 (L) in H 2 (X, Z), since the irregularity of X is zero. Moduli spaces of polarized varieties with trivial canonical bundle were constructed by Viehweg ( [Vie] ), as GIT quotients of Hilbert schemes. We can fix an IS manifold X 0 with H 2 (X 0 , Z) ∼ = Λ and the O(Λ)-orbit h of a primitive vector h ∈ Λ, of degree (h, h) > 0. This orbit h is called a polarization type.
Viehweg's construction yields a moduli space of polarized IS manifolds of type (X 0 , h) -denote it by V X 0 ,h . A point of V X 0 ,h represents an equivalence class of pairs (X, L), where X is a projective IS manifold, deformation equivalent to X 0 , and L ∈ P ic(X) is ample and such that η(c 1 (L)) = h with respect to some marking η of X. Given h ∈ Λ with (h, h) > 0, denote by Ω h ⊥ the period domain Ω Λ ∩ h ⊥ and let O(Λ, h) be the stabilizer of h in O(Λ). This is a type IV symmetric domain and has two connected componentsdenote one of them by Ω 0
, which is a finite, dominant map of quasi-projective varieties ([GHS1, Thm. 1.5.]). In fact, even more is true:
In the case of K3 surfaces, fixing the degree of the polarization determines the polarization type as well -the reason is that the K3 lattice is unimodular; in addition, the moduli space of polarized K3 surfaces has one connected component for every degree of polarization. For IS manifolds of higher dimensions, it is natural to ask if this holds as well. First of all, it is easy to see that the degree does not determine the polarization type. For example, if X 0 is the Hilbert scheme of two points on a K3 surface, whenever the degree is congruent to -1 modulo 4, there are two polarization types for this degree -split and non-split (cf. First we introduce some notation. Let Λ n denote the lattice E 8 (−1) ⊕2 ⊕ U ⊕3 ⊕ −2(n − 1) , and let Λ denote the lattice E 8 (−1) ⊕2 ⊕ U ⊕4 , where
is the rank 8 negative definite E 8 root lattice, U is the rank 2 hyperbolic lattice, and −2(n − 1) is a rank one lattice generated by an element of length −2(n − 1). Λ n is an even lattice which is isometric to the Beauville lattice of an IS manifold of K3 [n] -type, whereas Λ is known as the Mukai lattice (cf. [Muk] ) -it is denoted by K(S) and is isometric to the lattice given by the cohomology group of a K3-surface H * (S, Z) =
From now on we only consider IS manifolds deformation equivalent to Hilbert schemes of points on a K3 surface. Put X 0 := S [n] , where S is a K3
surface. There are finitely many connected components of M Λn parametrizing those marked pairs (X, η), where X is deformation equivalent to X 0 ([Mar1, L. 7.5.]). Denote the set of these components by τ and let M τ Λn denote their union. Let Ω Λn and Ω h ⊥ denote the period domains associated to Λ n and h ⊥ ⊂ Λ n , introduced in the previous section. There is
Λn is the component containing [(X, η)]. O(Λ n ) acts diagonally on Ω Λn × τ by changing a period point and a marking by an auto-isometry of Λ n (cf. [Mar1, Ch. 7.2.]). Now Ω h ⊥ has two connected components -the choice of h and s ∈ τ determines the choice of a connected component of Ω h ⊥ , which we denote by Ω 
To any family X → T of IS manifolds such that there is a point t 0 ∈ T with X t 0 ∼ = X, one can associate a natural monodromy representation
A monodromy operator is an isomorphism of the cohomology H * (X, Z) in the image of some monodromy representation. The subgroup of GL(H * (X, Z)) generated by all monodromy operators is denoted by Mon(X). Mon 2 (X) denotes the image of Mon(X) in GL(H 2 (X, Z)). In fact, since monodromy operators preserve the Beauville-
Let O(Λ n , Λ) (resp. O(H 2 (X, Z), Λ)) denote the set of primitive isomet-ric embeddings of Λ n (resp. H 2 (X, Z)) into Λ. Now any IS manifold X determines an orientation class or X ∈ H 2 ( C X , Z), i.e. a generator of
[Mar1, Ch. 4]). The cone C Λn in Λ n ⊗ R is defined analogously and the set of its orientations is denoted by Orient(Λ n ) -it is the set of two gener-
By studying the representation of the monodromy group on the cohomology of X, E. Markman came up with the following idea -consider Q 4 (X, Z), which is the quotient of H 4 (X, Z) by the image of the cup product homo- and let H i ∈ Pic(X i ) be ample. Set h i := c 1 (H i ). An isomorphism f :
is said to be a polarized parallel-transport operator from (X, H 1 ) to (X, H 2 ), if there exists a smooth, proper family of IS manifolds π : X → T onto an analytic space, points t 1 , t 2 ∈ T , iso-
with γ(0) = t 1 , γ(1) = t 2 , and a flat section h of R 2 π * Z, such that parallel transport in the local system R 2 π * Z along γ induces the homomorphism
We call an isometry g : 
and only if there exists a polarized parallel-transport
operator from (X 1 , H 1 ) to (X 2 , H 2 ).
Proof. One direction is clear -suppose there exists a polarized parallel-
In particular, g(h 1 ) = h 2 . Since, by Thm. 1.5.,
isometry between the pairs (T (X 1 , h), ι X 1 (h 1 )) and (T (X 2 , h), ι X 2 (h 2 )), i.e.
Now assume that f X 1 (h 1 ) = f X 2 (h 2 ). This means that the two pairs (T (X 1 , h), ι X 1 (h 1 )) and (T (X 2 , h), ι X 2 (h 2 )) are isometric. The idea is to construct the required parallel transport operator g from an isometry of Λ. Now, T (X 1 , h) and T (X 2 , h) are primitively-embedded sublattices of signature (2, 0), of the same isometry class, in the unimodular lattice Λ, of signature (4, 20). Therefore, [Nik, Thm. 1.1.2.b)] implies that there exists a γ ∈ O( Λ), such that γ(T (X 1 , h)) = T (X 2 , h), and γ(ι X 1 (h 1 )) = ι X 2 (h 2 ).
Now assume that g is orientation-reversing. Choose α ∈ H 2 (X 2 , Z) satisfying (α, α) = 2, (α, h 2 ) = 0. Define the isometry ρ α (λ) := −λ + (α, λ)α, λ ∈ H 2 (X 2 , Z). Setg := −ρ α •g. Since ρ α is an element of Mon 2 (X 2 ) ([Mar1, Thm. 9.1.]) and ρ α (h 2 ) = −h 2 ,g is an orientation-preserving isometry be-
Thm. 1.5. implies thatg is a polarized parallel-transport operator from
Let µ n denote the set of connected components of V X 0 . We are now ready to prove the following Theorem 1.7. There is an injective map f : µ n → Σ n , given by mapping
Proof. First of all, the map f is well-defined. Prop. 1.6., f X 1 (h 1 ) = f X 2 (h 2 ), and the map f is well-defined. Now let V 1 and V 2 be two components of
there exists a polarized parallel-transport operator from (X 1 , H 1 ) to (X 2 , H 2 ).
Indeed, by Prop. 1.5. and 1.6., there is an analytic family of IS manifolds π : X → T and a sectionh of R 2 π * Z such that (X t 0 ,h t 0 ) ∼ = (X 1 , h 1 ) and (X t 1 ,h t 1 ) ∼ = (X 2 , h 2 ) for some t 1 , t 2 ∈ T . Consider the path γ : [0, 1] → T with γ(0) = t 1 , γ(1) = t 2 (cf. Def. 1.4.). The long exact sequence associated to the exponential sequence yields: 
Since they map to the same orbit of marked polarized triples in M a χ /O(Λ n ), there is an analytic isomorphism between (X ′ 2 , H ′ 2 ) and (X 2 , H 2 ). By GAGA (cf. [JPS] ), it is induced by an algebraic isomorphism between (X ′ 2 , H ′ 2 ) and (X 2 , H 2 ).
Counts
In this section, we count the number of connected components of the moduli space of polarized IS manifolds of K3 [n] -type. We start with some notation.
Let 2d denote a rank 1 lattice generated by an element of length 2d. For r, s ∈ Z, (r, s) denotes the gcd of r and s, ϕ(r) denotes the Euler ϕ-function, and ρ(r) denotes the number of prime divisors of r. Given n, d > 0 and
n ⊂ Σ n to be the set of isometry classes of pairs (T, h) such that T has discriminant 4d(n−1)/l 2 , h has length 2d, and h ⊥ ∼ = 2n−2 .
Proposition 2.1.
Let l be a divisor of (2d, 2n − 2), and set D := 4d(n − 1)/l 2 , g := (2d, 2n − 2)/l,ñ := (2n − 2)/(2d, 2n − 2),d := 2d/(2d, 2n − 2), w := (g, l), g 1 := g/w,
is the product of all powers of primes dividing (w, l 1 ). Then is an isotropic subgroup of D( 2d ) ⊕ D( 2n − 2 ) with respect to the discriminant form. The equivalence is given by: γ ∼ γ ′ if there exist
(ϕ and ψ are the induced isometries on the discriminant groups). Now the set of subgroups of the form Γ γ can be identified with the set of generators in D( 2d ) ⊕ D( 2n − 2 ) of the form (dg,ñgε), where ε is a unit modulo the index l. The isotropy condition on Γ γ reads as follows:
In other words, we seek the number of classes ε modulo l, coprime to l, 
is nonempty, we may choose a point in it, represented by a marked IS manifold (X, η). Then, by the defini- 
We obtain as a corollary: • t = 1, any degree 2d > 0 and dimension 2n > 2 such that (n−1, d) = 1 ('split' polarization);
• t = 2, any degree 2d > 0 and dimension 2n > 2 such that (n−1, d) = 1 and d + n − 1 ≡ 0mod4('non-split' polarization, cf. [GHS1, Ch. 3]);
• t = p α for a prime p > 2, any degree 2d and dimension 2n > 2 such that p 2α |(2d, 2n − 2).
Remarks.
(1) In particular, Cor. 2.5 implies that the moduli space of polarized IS manifolds of K3 [2] -type, with fixed polarization type, is connected. However, the following example shows that fixing the polarization type need not imply connectedness of the moduli space. Let d = pq and n − 1 = mpq, where p and q are different primes, and −m is a quadratic residue modulo pq. Set t = pq. In this case, the polarization type is determined by t and d, since (2m, 2) = 2 and t = pq are coprime. But |Σ d,t n | = 2, i.e. there are two connected components with this polarization type.
(2) Note that the formulas in Prop.2.1. imply that the number of connected components |Σ d,t n | can get arbitrarily large, as we vary the dimension 2n − 2 and the degree 2d.
In conclusion, we'd like to point to an interesting question, raised in an e-mail to the author by E. Markman. Whenever the moduli space of polarized IS manifolds has more than one component for a fixed polarization type h, we can pick two points [(X 1 , H 1 )] and [(X 2 , H 2 )] from different components, mapping to the same monodromy orbit of periods in Ω h ⊥ . This yields a Hodge isometry from H 2 (X 1 , Z) to H 2 (X 2 , Z), which is not a polarized parallel-transport operator. In particular, there need not exist a birational map from X 1 to X 2 . The question is to construct an algebraic correspondence in X 1 × X 2 , which induces this isometry, for any such pairs.
